Important Extrema of Time Series: Theory and Applications by Gandhi, Harith Suman
University of South Florida
Scholar Commons
Graduate Theses and Dissertations Graduate School
3-23-2004
Important Extrema of Time Series: Theory and
Applications
Harith Suman Gandhi
University of South Florida
Follow this and additional works at: https://scholarcommons.usf.edu/etd
Part of the American Studies Commons
This Thesis is brought to you for free and open access by the Graduate School at Scholar Commons. It has been accepted for inclusion in Graduate
Theses and Dissertations by an authorized administrator of Scholar Commons. For more information, please contact scholarcommons@usf.edu.
Scholar Commons Citation
Gandhi, Harith Suman, "Important Extrema of Time Series: Theory and Applications" (2004). Graduate Theses and Dissertations.
https://scholarcommons.usf.edu/etd/1044
 
			ﬀﬂﬁﬃ! "#ﬃ#$%
ﬁ&'
(*)+-,.)/''0ﬃ213	ﬃ4-$
5 (
6/ﬃ7	8&. "9'.:!','&'ﬃ
);	8&-$ﬃ2$<$9
5
ﬃ2	
	8#,.ﬃ2=>
	ﬃ?0@9'02A>020B	
C	8&'D#E9'ﬃ
B	8$@4F	&'D,'G4
!
H.$
	< "1ﬃ2'1#Iﬃ2KJL'9"	8M 1ﬃ#'1
Nﬀ#>
	#B	/OJL4'9-	M "1#ﬃ#'1I',PO'G4ﬃ2'#ﬃ-G
JL4002G4+OO'G4ﬃ2'#ﬃ2'G
Q/-ﬃ2R4#$
ﬃ2	(=O "49-	&PST04
ﬃ,>
HKVU
4MWX
@$
$4#%YX9-G4'ISTﬃ2'Z\[>WO&^]_N`]
Nﬀﬃ2	
(a:D0,'G4b['WO&^]cN`]
 "9','#d "Ze#[>WO&^]_N`]
Nf	fﬂ)+''
VR0g%
HK1&ihj-[\hk4kl
mf#(no4,-$%Yﬃ2'ﬃ-[pqe"ﬃ2q-[pﬃ-,'r"ﬃ-GD	#$[p,'#ﬃ2R	ﬃ2R!$

ﬃ$#[c,-ﬃ$
	8'1#
s
JL(
ﬃG4&B	+hk4kl-[>6+
ﬃ2	&P "9'Kt<,-,-(P:D','&'ﬃ
u=v"wCxzy4{-|}x@~
ﬁﬂ(='#	$[H.4&'PtM#,',-(.:D','&'ﬃ',. "9'01&>':D',-&'ﬃg[-n<&-4$DR09'#$<',
,'ﬃ$
1ﬃ2'0ﬃ2'ﬀﬃ*02ﬃ2@ﬀ$

R$MG3e	<r-'0#$<	]
 y}C~zvwvŁv|V
 FG4
3	02(aﬃ2','
5
	8#,P	I(PHK}U
4MWO@$$
4[\Nﬀ#]XO9'G4-STﬃ2'Z@&'ﬃ$G49-ﬃ,>-1[
$
9'G4G4#$
	8ﬃ24'$#[\',*R09>
5
0ﬀ1#4B	$/00	&'9'G4&P49-	<(ano4
Z]Xﬁ&'ﬃ2$nL4
Zqno49'0,P'	
&>3R
5
#.1#4-0#	ﬀn<ﬃ2	&'49-	<&'ﬃ2$<&'02^]X6/ﬃ2$14'$	B	M@#,
5
1Z*-,.$
9'G4G4#$
	8ﬃ24'$<,'9'
ﬃ'G
	8&'fno#Z07(*,'ﬃ$
19'$
$ﬃ24'$@4>$	<	nL(4$M&>$
5
PﬂG4	<R09'ﬀ	(qno4Z\]o6/ﬃ2$
	8&-449-G4&*3,'ﬃ'Gﬂ(ano4
Z=',PZ#K#,'ﬃ2	4ﬃ0
Z$<&'#0,*D0	,'9'
ﬃ'G(
	&'$
ﬃ$n<ﬃ7	8ﬃ-G']
HP(*G8	ﬃ2	89-,'fG4$F	8(a140203G49'$<',*q'G4B	M	MMﬃ#0$#iHP,'ﬃt<$
3
1&.@4
$&'ﬃ2'G(0B,=Cno4
Za	1#!',='
}Rﬃ2,'ﬃ'G+	&'ﬀ>r"ﬃ
5
0+no4
Zq&'49-$F	8	
	8#',
	&'D14020#G4f',P1'02#	f(a	8&-$ﬃ2$]X X	8&>-Za(=1#40023G49-$<	/JL4G'ﬃB	<ﬁﬂ#1&''4024G(
 409-	ﬃ4-$L@4F	8&-ﬃ1#4B	8ﬃ29-49'$M'4-	ﬃ'G',.#'19'8GB	3]
 FR4#
(*G4	8r@9'0	I(=>
B	8$#[H.4&>.t<,',-(.:D',-&'ﬃ',. "9-01&>>:D','&'ﬃ['(
5

	8&'#/ "&>	8&KJL&>','i:D',-&'ﬃg[>',*(an<ﬃ2@!H.,'&9'ﬃﬂ:D','&-ﬃ@4F	8&-ﬃ
5
02ﬃrﬂﬃ2
]X Y,'#'02(=''
1ﬃ	8f	&'ﬃ214'$	B	M	8ﬃ7Re	8ﬃ=',.$$
ﬃ$	'1#D,'9'ﬃ2'G(ano4Z\]
 {'ﬂzv.~\DI~|Vv|}
ﬃ$	<Tﬁﬂ 5 02$]!]I]!]I]!]!]I]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] ﬃ2R
ﬃ$	<SﬂﬃG49'
$ ]I]!]I]!]!]I]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] R
) 5 $
	81#	]!]I]!]!]I]!]I]!]!]I]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] Rﬃ
JL&>"	8D  B	8,'9'1r	8ﬃ24]I]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] 
JL&>"	8/h WO#Rﬃ249'$Z ]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] j
h"]7 S>3	9'f$
#	8$]!]!]I]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] j
h"]_h  "ﬃﬃ0ﬃ7	($9-$ ]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] l
h"]cj  ','¡-ﬃ2'G',*r	8ﬃ2#R0 ]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] ¢
JL&>"	8Mj £F$
ﬃ1!JL4'1#-	$¤]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] ¥
j-]7 tM#0?	,*$
	9'1r	89'
$/',.0G4ﬃ7	8&'$=]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] ¥
j-]74]2  	1Z$/',P0ﬃ-Z,*02ﬃ$
	$ ]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] ¥
j-]74]¦h t<,§
5
01Z	#$]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] ¥
j-]74]_j ﬀ
,'<$
	8	8ﬃ2$
	ﬃ1$¨]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] ©
j-]_h tM#'#$#	8	8ﬃ24Pﬂ	ﬃﬀ$#ﬃ2$]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] ©
j-]cj Nﬀﬃ$	'1#f$9-$ ]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] ª
j-]cj-]2 Nﬀﬃ2$
	8'1
5
#	no#i0R029'$a]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] 4
j"]_j-]74]7 Nﬀ#A>'ﬃ7	8ﬃ24 ]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] 4
j"]_j-]74]_h -'02$ ]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] 4
j-]cj-]¦h Nﬀﬃ2$
	8'1f1#44$
ﬃ2	ﬃ4]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] 4
j"]_j-]_h"]7 Nﬀ#A>'ﬃ7	8ﬃ24 ]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] 4
j"]_j-]_h"]_h -'02$ ]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] }h
j-]cj-]_j Nﬀﬃ2$
	8'1
5
#	no#K	8ﬃ2+$
ﬃ#$]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] }h
j"]_j-]cj-]7 Nﬀ#A>'ﬃ7	8ﬃ24 ]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] Vj
j"]_j-]cj-]_h -'02;]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] Vj
j"]_j-]cj-]cj Nﬀ14$ﬃ7	8ﬃ24*]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] Vj
JL&>"	8<l  4	B	<WC4ﬃB	8$]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] 3l
l']7 T"	#q«]!]I]!]!]I]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] 3l
l']74]2 NﬀrA>'ﬃ7	8ﬃ=Tﬃ-ﬃ¬]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] 3l
l']74]¦h JL'
$
$ﬃP-1,-9'.]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] }¢
l-]24]_h"]7 H.4'	4'ﬃ21f14'#$$
ﬃ4­]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] }¢
l']_h  4	B	¡"	#q®]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] }¯
l']_h"]2 NﬀrA>'ﬃ7	8ﬃ ]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] }¯
ﬃ
l']_h"]¦h  	8ﬃ21#	<ﬃ24
	8B	Fﬃ'ﬃ2`9' ]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] }¯
l-]¦h"]_h"]7 Nﬀ#A>'ﬃ7	8ﬃ24 ]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] }¯
l-]¦h"]_h"]_h -'02;]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] }¯
l']_h"]_j r°	<ﬃ4	B	ﬃ-ﬃ`9' ]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] V©
l-]¦h"]cj-]7 Nﬀ#A>'ﬃ7	8ﬃ24 ]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] V©
l-]¦h"]cj-]_h -'02;]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] V©
l']_h"]cl Sﬂ0?	ﬃ24	B	Fﬃ-ﬃ`9'±]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] V©
l-]¦h"]pl']7 Nﬀ#A>'ﬃ7	8ﬃ24 ]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] V©
l']_h"]¦¢ JL'
$
$ﬃP-1,-9'.]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] V©
l']_h"]_¥ t<1#4'#$$ﬃ24=n<ﬃ2	&.0G4#²³]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] Vª
l']_h"]¦¯ QM'1'
$
$ﬃ ]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] h"
l']_h"]_© Nﬀ#ﬃ7Re	8ﬃ2Rﬀ$#ﬃ2$ﬀ]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] h4h
l-]¦h"]c©-]7 Nﬀ#A>'ﬃ7	8ﬃ24 ]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] h4h
l-]¦h"]c©-]_h JL4-$
$ﬃ24´]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] hj
l']cj  4	'1#f0rR402$µ]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] hj
l']cj-]2 NﬀrA>'ﬃ7	8ﬃ ]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] hj
l']cj-]¦h T-'0]I]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] hl
l']cj-]_j £L$ﬃ21f'4	8ﬃ2$a]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] hl
l']cj-]cl  	8ﬃ21#	<ﬃ24
	8'1#´]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] h4¢
l']cj-]¦¢ r°	<ﬃ4	-1i]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] h4¢
l']cj-]_¥ Sﬂ0?	ﬃ24	'1#q]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] h¥
l']cj-]¦¯ T	8#','#,K'
4#
	ﬃ$ ]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] h¥
l']cj-]_©  4
	8'1f101#9'0?e	8ﬃa'1#,'9'
¶]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] h4¯
l']cj-]_ª  4
	8'1#$<ﬃ=,'#ﬃ2R	ﬃ2Rf$
ﬃ#$·]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] hª
l']pl JL4'#$$ﬃ24*8	]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] hª
l']pl']2 ﬁ&-¡§>$$/0G4ﬃ2	&' ]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] j4k
l']pl']¦h ﬀ'¡§>$$M0G4ﬃ7	8&' ]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] j-
l']pl']_j Nﬀﬃ7¸##	<,-ﬃ$
	8'1#D@9-'1#	ﬃ4'$ ]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] j-
JL&>"	8/¢  ','¡-ﬃ2'Gﬁﬂ
$<]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] j4j
¢"]7 tM#,"§
5
0?1Z	8#a]!]I]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] j4j
¢"]_h t/'G4ﬀ	8
P]I]!]!]I]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] jB¢
JL&>"	8M¥ Nﬀﬃ$	'1#!JL4'9-	e	8ﬃ ]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] jB¯
¥-]7 Nﬀﬃ$	'1#f8-G4 ]I]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] jB¯
¥-]_h )+'-3"ﬃ	8f,'ﬃ2$
	8'1+]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] j4©
¥-]cj ﬁ&'#$&'0,*	8$	]!]I]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] lBk
JL&>"	8/¯ WT	
	8#.tMr	8ﬃ2#R0¹]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] l4l
¯"]7 t/'G4fE9'(º]!]!]I]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] l4l
¯"]_h /#$
	M'ﬃ2G4&
5
 ]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] l¢
¯"]cj H.9'07	8ﬃ-0ﬀ'#ﬃG4&
5
4$ ]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] lB¥
ﬃ2ﬃ
JL&>"	8M© JL4'1#09','ﬃ2'GtM#qZ$»]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] l¯
t<#@
'1#$]I]!]!]I]!]I]!]!]I]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] ¢k
ﬃ2ﬃﬃ
¼Yx#|~\  {'ﬂzv
ﬁﬂ 5 0Dj"]24%½H.ﬃ*4	8ﬃ24'$F$
9''4
	, 5 (=$	1Z$+',*,'49 5 02(=02ﬃ'Z,*0ﬃ2$
	8$/]I]!]!] ¯
ﬁﬂ 5 0Dj"]¦h"%½H.ﬃ*4	8ﬃ24'$F$
9''4
	, 5 (=
,"§ 5 0?1Zq	8
$¾]I]!]!]I]!]D]I]!]I]!]!] ¯
ﬁﬂ 5 0Dj"]_j-%½H.ﬃ*02B	8$T	8&-!$	8
9'1#	9'#$M	&>	<#'#$#	ﬀ`	8ﬃﬀ$
ﬃ2$­]I]!]!] ©
ﬁﬂ 5 0!¢]24%½H.ﬃ*02B	8$T	8&-!$	8
9'1#	9'D#'#$#	ﬃ'Gq4ﬃ2B	<$
ﬃ2$ﬀ]!]!] jl
ﬁﬂ 5 0D©"]24%¿M	e	8ﬃ^%c'
	§ ﬀ]D]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] lB©
ﬁﬂ 5 0D©"]¦h"%¿M	e	8ﬃ^%c'
	§  ¶]!]I]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] lBª
ﬃ2R
¼Yx#|~\MÀxzÁÂ}v"
STﬃ2G49']24%Ã-'02f`	ﬃf$
ﬃ#$/',*ﬃ2	8$¡	8#qÄ]I]!]I]!]!]I]!]D]I]!]I]!]!] 
STﬃ2G49'Dj"]24%Ã-'02f02ﬃ'Z,P0ﬃ$	<',*
,"§ 5 0?1Z	8#µ]!]I]!]!]I]!]D]I]!]I]!]!] ¯
STﬃ2G49'Dj"]¦h"%ÃtM#'#$B	8	8ﬃ24.`	8ﬃ2f$

ﬃ$ ]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] Vk
STﬃ2G49'Dj"]_j-%Ã-'02fﬂ	&'D,'ﬃ$	-1 5 r	nL#K	no	8ﬃﬀ$
ﬃ2$D]!]I]!]D]I]!]I]!]!] Vj
STﬃ2G49'fl-]24%ÅJL4-$
$ﬃ24 5 (*¡	881#	8ﬃ2'G00r	8
¬]!]I]!]I]!]!]I]!]D]I]!]I]!]!] 3l
STﬃ2G49'fl-]¦h"%ÅH.ﬃ'ﬃ2qIﬃP$
ﬃ#$ ]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] }¢
STﬃ2G49'fl-]_j-%ÃWX
"1#,'9-D@4ﬃ,'#B	8ﬃ2°(ﬃ2'G00r	8
Æ]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] V¥
STﬃ2G49'fl-]cl'% 4
	8B	<ﬃ2'ﬃ ]!]I]!]!]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] Vª
STﬃ2G49'fl-]¦¢"% 4
	8B	<r	8
`@4F	8&'D,'ﬃ2$
	8'1=Ç ÈIÉ¿Ê4Çn<ﬃ2	8&P²ÄËµj ]I]!]I]!]!] Vª
STﬃ2G49'fl-]_¥-%ÃWX
"1#,'9-D@4$#01r	8ﬃ2'Gﬃ4	B	Lr	8
Ì]!]I]!]!]I]!]D]I]!]I]!]!] hk
STﬃ2G49'fl-]¦¯"%ﬁ&'ﬃ$A>G49-Dﬃ$1#4B	8ﬃ9>e	8ﬃ=SﬂﬃG49'
fl']c¥ ]I]!]I]!]!]I]!]D]I]!]I]!]!] h"
STﬃ2G49'fl-]_©-%Åf
ﬃG4ﬃ2>0$#ﬃ#$<$	84
,P@41#4-$
$#,K$#ﬃ2$]!]I]!]D]I]!]I]!]!] h"
STﬃ2G49'fl-]_ª-%Ã-'02f$
ﬃ#$<n<&-!#,'9'1r	8ﬃ.Ttµ023,'$F	0GF,'ﬃ2$
	8'1]!]!] h4h
STﬃ2G49'fl-]2Vk"%eJL4-$
$ﬃ24*ﬃ=	8&'D,'#ﬃ7Re	8ﬃ2Rf$#ﬃ#$]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] hj
STﬃ2G49'fl-]24%V 4
	8'1#$<C	8&'Dr	`@4F	8&-!,-ﬃ$
	8'1#*Ç ÈIÉ¿Ê4ÇÍ]!]D]I]!]I]!]!] hl
STﬃ2G49'fl-]2}h%eJL4-9-		ﬃ4=ﬂ	&'D$
	8
ﬃ1r	<ﬃ4	-1fTﬃ2'ﬃ`9- ]D]I]!]I]!]!] h4¢
STﬃ2G49'fl-]2Vj"%V 4
	8'1#f130219'0	8ﬃ24a'
"1#,'9'
«]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] h©
STﬃ2G49'fl-]23l-%}Nﬀﬃ2¸#B	<qe"ﬃ2q0\R09-$<14
#$4','ﬃ2'G	8ﬃ-ﬃ`9' ]I]!]I]!]!] hª
STﬃ2G49'fl-]2}¢%V 4
	8'1#fT4ﬃ2	$
5
$
,K*	&'D,'
ﬃ2R	ﬃ2R4D$
ﬃ2$ ]!]D]I]!]I]!]!] hª
STﬃ2G49'fl-]2V¥"%Vﬁ&'#r§'$$/0G4ﬃ7	8&'¨@41'
$
$ﬃ­]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] j4k
STﬃ2G49'fl-]2}¯%eH.",-ﬃ2A>#,*R
$ﬃ.OÎ}Ï\ÐÑ¡Ò°ÓﬀÔ\ÕTÖÐ"×CØÙ^Ï\Îfﬃ*4'¡§>$
$M0G4ﬃ2	&'Ú]!]!] jBh
STﬃ2G49'fl-]2V©"%ef
ﬃG4ﬃ2>0',P14'
$$
,.$
ﬃ#$<n<ﬃ7	8&*,'ﬃ7¸#B	M,'ﬃ2$
	'1f@9''1r	8ﬃ24'$Æ] jBh
STﬃ2G49'!¢]24%ﬁﬃf$
ﬃ#$<n<ﬃ7	8&*ﬃ4
	8'1+T¡	8#q ]I]!]I]!]!]I]!]D]I]!]I]!]!] jl
STﬃ2G49'!¢]¦h"%ÃtM#,"§
5
01Z	#!n<ﬃ7	8&PP9""ﬃ02ﬃ?(q$	8
9'1#	9'D@4<$#ﬃ#$d]D]I]!]I]!]!] jl
STﬃ2G49'!¢]_j-%Å "4
	,Pr	8ﬃ2#R0^-1,-9'¬]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] jB¢
STﬃ2G49'!¢]cl'%ÃWX
"1#,'9-D@4
5
9'ﬃ20,'ﬃ2'G	8&-I9""ﬃ0ﬃ
($	89-1#	89- ]!]!]I]!]D]I]!]I]!]!] j4¥
STﬃ2G49'D¥"]24%ÃNﬀﬃ$
	8'1#
5
49-','$
5
r	nL#K	no14'#$$
,K$

ﬃ$Û]!]I]!]D]I]!]I]!]!] j4©
STﬃ2G49'D¥"]¦h"%ÃWX
"1#,'9-D@4FA>','ﬃ2'G,'ﬃ$	-1
5
9'','$
5
#	noK$
ﬃ#$Ü]D]I]!]I]!]!] j4ª
STﬃ2G49'D¥"]_j-%ÃWX
"1#,'9-D@4FA>','ﬃ2'G	8&'!-'3"ﬃ	8+,'ﬃ$	'1#
5
r	nL#i$
ﬃ2$¨]!] l'
STﬃ2G49'D¥"]cl'%ÃWX
"1#,'9-D@4F	8&'
$
&'40,=	$
	
5
#	no.4ﬃ2G4ﬃ'0$

ﬃ$Ý]!]D]I]!]I]!]!] lh
STﬃ2G49'D¥"]¦¢"%ÃWX
"1#,'9-D@4F	8&'
$
&'40,=	$
	
5
#	no.14'
$$
,.$
ﬃ#$Í]I]!]I]!]!] lBj
STﬃ2G49'!¯]24%ÃWX
"1#,'9-D@48-G4fE9'( ]I]!]I]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] l4l
STﬃ2G49'!¯]¦h"%ÃWX
"1#,'9-D@4'3$	M'ﬃ2G4&
5
4 ]!]D]I]!]!]I]!]I]!]!]I]!]D]I]!]I]!]!] l¢
STﬃ2G49'!¯]_j-%ÃWX
"1#,'9-D@4`9'07	8ﬃ-0+-3
$
	M'#ﬃG4&
5
4$µ]I]!]I]!]!]I]!]D]I]!]I]!]!] lB¥
R
Þ#ŁßO~\ÂV|V{>|à+á^|3ÂevŁ{â  xŁvdãvÂex@vä å v~\ÂVæ
 ﬂw  ßCßﬂxzy4{-|}x@~ﬂ
6/ﬃ7	8&. "9'.:!','&'ﬃ
)ﬀ£F "ﬁ<tM)MJLﬁ
¾,'#$1
ﬃ 5 `	8#1&''ﬃE9'#$f@4+z$	D14'#$$
ﬃ4dX	ﬃ$#ﬃ2$!',d&'ﬃ21&'ﬃ2130ﬂﬃ"§
,'¡-ﬃ2'G½1#4'#$$#,;$#ﬃ2$ 5 $
,µ­	&' $$
ﬃG4'B	PIﬃ
	'1d02#R4#0$=	8¿	8&-
r	+	8ﬃP$
ﬃ#$a',¹	8&'#ﬃ,'
ﬃ2R	8ﬃ7R4#$]P@40ﬃ2=	8&-K,'ﬃ2$
	'1P@9''1#	ﬃ4-$
9'$
,çﬃd1#4-$
$ﬃ24ç',d
#	8
ﬃrR0ﬂ	8#1&''ﬃ2E9-$]I`,-$1#ﬃ
5

#	8
ﬃrR0ﬂ	8#1&'ﬃ-E9-$f	8&>e	
9'$
M	&'<,'#R0#,1#4-$
$ﬃ24q',ﬃ2','¡-ﬃ2'Gf	8#1&''ﬃE9'#$Y@z$
	Yr	8
#R0>$#ﬃ#$O@4
,>	8
5
$
D	&>	M	81&PG4ﬃ2RP>	
	8
^]
Rﬃ
 å {'ß|VvÂdè
Þ|3Âe~^wﬂÁCy|}x@~
¾Rﬃ#n³iézê°ëqìIíVìrî¡êgìí$ﬀa$#E9''1#XR09'#$+3$
9'#,¾e	ﬀE9>0T	8ﬃ2!ﬃB	8#
R02$ï@
r-'02[X	8&'P$#ﬃ#$ﬃ¹STﬃG49-d4]7*ﬃ'1#09','#$R09'#$P[Lj-[Lj-[L¢"[F-,¹$
¾4]ºT-'0#$
o	8ﬃ$#ﬃ2$!ﬃ'1#09','$	81Zç'ﬃ21$#[Cno3e	8&'#I,>e	-[ﬂ', 021#	13
,'ﬃG48$]¾&'VR
ﬃBR$
	ﬃGBe	8,¿	8#1&''ﬃ2E9-$q@41#4'#$$ﬃ24½+	ﬃ=$
ﬃ#$q-,¹&'ﬃ21&'ﬃ2130ﬃ2','¡-ﬃ2'Gç
1'
$
$,q$
ﬃ#$]ﬁ&'ﬃ2$oﬃ2BR4$	8ﬃ2GB	8ﬃ24ﬃ$XD14B	ﬃ9>	ﬃ4	8&'<nLZ
5
(WO8	
	L',aSTﬃ2'Z
4i	&'`ﬃ-,'r"ﬃ-G*',iz$	fr	8ﬃ2#R0CX	8ﬃ2I$
ﬃ#$ðpWO		[hk4k-ïWO8e		D-,çSTﬃ'Z\[hk4kBh"ï
STﬃ2'Za-,KWO8e		3[>hk4k4jñz]
Sﬂﬃ$	3[-no!,'$
1ﬃ
5
I'1#,'9'
!@4<1#4-$
$ﬃ2'G	ﬃﬀ$#ﬃ2$
5
(*¡	881#	8ﬃ24*1#b§
	ﬃºê°ë+ò>óeî¡égôõ>é!ì
ö4ézî8ìrëôe÷L	&>	Iﬃ$[Tq}U
Iﬃ'ﬃ2q=',Åq}-ﬃ2q"]*S\I¡''02[Tnoa1
1'
$
$X	&'<$#ﬃ#$OﬃSTﬃ2G49'+4]2
5
(¡"	81r	8ﬃ2'Gf	8&'1#ﬃ1#0#,¡	8#qD-,,-ﬃ$1,-ﬃ'Gf	8&-
	&'<4ﬃB	8$#]
 1',^[<nLdG4ﬃ7R4d 	81&-'ﬃE9'i@4&'ﬃ#8
1&'ﬃ10Mﬃ','¡"ﬃ'GÅ!¾14'#$$
,$#ﬃ#$
5
$
,Ã¾	8&-q$
$ﬃ2G4'B	Fﬃ4
	8'102#R4#0$D	8Pﬃ2	$I¡"	#q-]*S>4Dﬃ2'$
	8'1[ﬂnoq1
$
$ﬃGq	8&'/ﬃ
	'1<0rR4#0$F$L$&-}n<=ﬃ2aSTﬃ2G49'
I4]74["',q	&'=ﬃ2','¡q¡	8#q
5
(	&'ﬃ2
ﬃ4
	8'1]
index
v
al
ue
    2     4     6    8    10   12  14   16   18   20
4
2
0
1
1
4 4
3 3
1
4
3
STﬃ2G49'*4]74%!øù4úVûfü"ýßþ Oú ûDþ	þ
ßþMú<þ8ù
bþ¡û!ú=þﬀ ﬂﬁﬃBþ ûfü  
bú!8þ" Oþ¡ú!#
þ8ù
bþ¡û%$ûúaûDú&
'Bþﬀþ8ù
bþ¡ûDúﬁ() ûDü* 
bú!8þ,+
bþ¡ú&þ
,ú.-&0/( þ1úVý ý323úVý4$BþFú&
bþ"4
+VþBþ
5!6$

ﬁ&-ﬃ,[<nod'
$#B	K0G44
ﬃ2	&'$	&>	=9'$
K	8&-d,'#R0#,­ﬃ2','¡-ﬃ2'GÃ$	89-1#	89-$a@
,'r	8
ﬃ2'ﬃ-GIn<&'r	8&'#F	nLG4ﬃ7R4#=$
ﬃ#$+$ﬃﬃ0[',q@4o#	ﬃ2#Rﬃ'GI	8&'ﬀ$

ﬃ$L$ﬃﬃ0
	8ç.G4ﬃ2RÅ>	
	8#Ã@Úi,>e	 5 $]i¾=$&-}n¶	8&'		&'=&'ﬃ#8
1&'ﬃ10Yﬃ','¡"ﬃ'Gi023,-$
	8P	8&'#,'9'1#	ﬃ4F	8&-qr	8
ﬃ#R0O	ﬃ@
4±0ﬃ2'3f	K'§ 04GBﬃ2	&'ﬃ1`ﬃ2¾	8&-q$ﬃ2
	8&-!,'	 5 $]
h
 å {'ß|VvÂ87
9!Â}v:xz~ÁC<;³~\Â}
¾!
#Rﬃrn;
0?e	8,=no4Z=*	&'D14>
ﬃ$
4P',*ﬃ',-r"ﬃ'GC	8ﬃ2f$

ﬃ$#]
7>=zè Àv{-|}ÁÂevivB|}
t<$1&-$Y&>3R4<1#4'$ﬃ2,'
,Rﬃ249'$T@	89'
<$#	$O@41'
$
$ﬃ-GD	ﬃL$
ﬃ2$Y',3e§
$9-ﬃ-GK$ﬃ2ﬃ20?
ﬃ2	(
5
r	nL#Ã	&'P]=ﬁ&'#( &>3Rar	8#'$ﬃ7R4#02(¾$
	89-,'ﬃ#,ÃS>49'
ﬃf	8'$@4$[
n<&'ﬃ21&º020Vn¶z$
	1'
$
$ﬃµðc "&'#ﬃZ&'402$0ﬃ!ìréIô?5@[+Vªª4©-ïX "ﬃ2'G4&½',ºH.1#)F	1Z'r(4[
Vª4ª©-ïX 	¸#[MVª4ª4ª"ïBAfﬃìréIô?5@[Lhk4k4kñzï&'Vno#R[o	8&'ﬃ2$`	81&-'ﬃE9'P&>$$rR4#80M,'ﬃ$,-R"§
	G4$#]O a>	8ﬃ1#9'0?[ﬃ2	L$"	&'$o0130\ﬃ'ﬃ2qD-,aq}-ﬃ2q"[4n<&'ﬃ1&=3(023,	8I04$
$
ﬃ24	B	!ﬃ-@	8ﬃ24^[C',Ãﬃ7	,-"#$'	InLZdnL#00X@4#	8ﬃ21$
ﬃ2$að  Z,>ºìréfô?5@[
Vª4ªª
ñ
]LJL&'ÃìréFô?5@
ð
3ª4ª4ª-ï'hk4k-
ñ
''02ﬃ,*6/4FnL3R402#	<	8'$@4$
ð
£o9'
9'$`ìréFô?5@[^3ª4ªB¯"ï
:f8'$#[DVª4ªB¢eñ/	8	ﬃK$
ﬃ2$*-, $&'Vno,­$#R0D,-RB	G4$a!	&'ﬃ$	8#1&''ﬃE9'çVR4#
S>49'
ﬃo	88'$
@4
$#]
:f9'0'ﬃ2Z',P "
ﬃ2R$	3R
ð
Vªª4ª
ñ
14'$
ﬃ,'##,*	&'ﬀ'

5
02¶C,'#	1#	ﬃ'G`1&''G4fﬃ2
	8&-+	8
',*ﬂ,>e	`$
	.[-',=,'rR4#04,P	8#1&''ﬃ2E9-ﬀ@4LA>',-ﬃ'GDC
1&''G4ﬀ4ﬃ2	$FEﬃ2
$

ﬃ$#]ﬀ$	ìré<ô?5@
ð
hk4k-
ñ
-44$#,dG'#80C@8#no4Za@+Z'Vn<0#,'G4,-ﬃ$1#VR4(iﬃ2
	8ﬃ2L$
ﬃ#$[n<&'ﬃ1&ﬃ'1#09',-,#'#$B	8	8ﬃ24qf$#ﬃ#$
5
(ﬃ7	8$XZr(@3	9'#$[$9-1&a$X$024
',¾$ﬃ2G4>0 § 	8e§'4ﬃ2$	8ﬃ2']aﬁ&'r(¾,-$1#ﬃ
5
#,ÅP	1&''ﬃ2E9'q@4!14'9-	ﬃ'G*	8&-$@3	9'#$
',Pﬃ,-B	8ﬃ7°("ﬃ2'G	8&'D4ﬃB	$M1&>-G4Iﬃ2=	8&'D@3	9'fR029'$#]LWO8e		/',.STﬃ-Za'#$#	,
'1#,'9'
!@4FA'','ﬃ-G}U
4Lr	8
ﬃ2.$
ﬃ2$#['n<&'ﬃ1&.!$1#ﬃ?01$Dﬂ1&>-G4
4ﬃB	8$
ð
WO8	
	3[hkk-4ï>WO8e		M',.STﬃ2'Z\[\hk4kBh
ñ
]
t<$
3
1&'
$.&'VR 0$
Å$
	89-,'ﬃ#,­	&'d9'$ç!$
q020ﬀ02'&>
5
#	$q@4=1#4-$
$ﬃ24 
$#ﬃ2$[-',*-'0ﬃ2,q$	8
ﬃ'GIq	1&'ﬃ-G=ðp:D9'$A>02,^[3ª4ªB¯eñ	8!	8&'ﬀ'		=$
3
1& ð )/G483nL0Yìré
ô?5@[Vª4ªB¢"ï}6M9>'G+',AY9^[-Vªª4ª-ïV)+-,'HG¡§IKJ4'$
$4',`£F,>0g[VªªB¯"ï} ',!'G'[-3ª4ª4©-ï
WTZºìré+ô?5@[oVªª4ª-ïMLﬀ9­ìré+ô?5@[XVª4ª4©eñg]S>4Dr-'0[T:f9'0'ﬃ2Z½ìré+ô?5@
ð
Vª4ª4©
ñ
14'#$$
,
j
$
	"1ZP'
ﬃ1#$+9'$
ﬃ'Gaq'ﬃ-r§02#	
	8/02'&> 5 #	]ﬀ "ﬃ2'G4&K',çH.1#)F	1Z'r(
ð
Vª4ª4©
ñ

'
$#B	8,
$
	"1Z=-ﬃ1#$#[>>
	ﬃ1#0ﬀ,-(>ﬃ21$[\',.$	8#00?F0ﬃ2G4&B	ﬃB	8#'$ﬃ7	( 5 (P`	8&'
r§ 0r		8#M0'&' 5 r	3]
ﬃ ',¾t<ﬃ$1&
ð
3ª4ª4©
ñ
9-$,*	no§ 0#	
	8#I0'&> 5 r	f	8P'1#",'}U
4f$-ﬃZ#$Iﬃ2 P$
ﬃ2$#]
Nf$*ìré!ô?5@
ð
Vªª4©
ñ
9-	8ﬃ20ﬃ#,¾¿02'&> 5 #	<'ﬃ2ﬃ7	8ﬃ7R4$&>#$`@4r1#ﬃ#	`14'#$$
ﬃ4^]
ﬁ&'#$+	1&''ﬃ2E9'$FGﬃ2R4/D&'ﬃG4&1'
$
$ﬃq8e	8[ 5 9-	Y	8&-ﬃY,'#$1
ﬃ-	ﬃ2R/VnL#Lﬃ$Y0ﬃ2ﬃ7	8#,^[
n<&'ﬃ21&.Z#$	8&'#»ﬃ>-'0ﬃ213 5 02+ﬃ2=qB(=,-4qﬃ'$#]
WC
'GÄìréô?5@
ð
hk4k4k
ñ
ﬃBR$
	ﬃGBe	8,º¾1#4-$
$ﬃ24¹	1&''ﬃ2E9' 5 $,º4º¡"	81r	8ﬃ24
NC
0','
Zd4ﬃ2B	8$[OEin<&'ﬃ21&Åﬃ'1#09','#,Ã0130Yﬃ-ﬃP',Åq}-ﬃ2q"].mf#4G4&Å-,¿WT¡§
3'ﬃ
ð
3ª4ª4©
ñ
9-$,	8&-M#','4ﬃB	$Y 5 $	
§ A-	o02ﬃ'L$G#	$Y	D14'#$$of$
ﬃ#$]OmfG4&çìré
ô?5@
ð
hk4k-3
ñ
rR"ﬃ2#no,d',K1#4'#,.	8&-I1#4-$
$ﬃ24.	1&''ﬃ2E9'$ 5 $#,i4i''3"ﬃe§
	8ﬃ24KY	8ﬃ2D$#ﬃ2$ 5 (Kq$#E9-'1#X$
	8ﬃG&	/$#G4B	8$#]+,'$
1ﬃ 5 `d07	8
>	ﬃ2R4
1'
$
$ﬃ½	1&''ﬃ2E9'[
5
$,¹4½$021r	8ﬃ¹+ﬃ
		ﬃ-ﬃi',½q}-ﬃ2q"[o',
G4ﬃ7R4!`z$
	<'
"1#,'9-D@4FA>','ﬃ2'Gﬃ
		F4ﬃ2B	8$]
7>=P7 ã^xŁÃxz@{'Âex@|¡æÅŁ¾v{'3ÁCÂ}v
 "rR40^
$1&-$M&>3R4f,-#A>'#,.$
ﬃﬃ0ﬃ7	($L	&'f,'ﬃ2$
	'1ﬀﬃ2=@3e	89'
ﬀ$>1]YS>4F¡§
'0[JF13e§RQY0#B	8M',4r§bJL&>3R
ﬃ?$
ð
hk4k4k
ñ
9'$#,aO9'102ﬃ,','ﬃ$	-1
5
r	nL#
@3e	89'
R4#1#	8$D14B	8ﬃ'ﬃ2'G=-G40IYZ-}RB	!',d9'$1#0`$	8#'G	&^[',çKìré
ô?5@
ð
hk4k4k
ñ
''02ﬃ,`X9-10ﬃ2,'3,'ﬃ$	'1#F	8D1>L@	89'
FR4#1#	8$X14B	8ﬃ'ﬃ2'Gﬀ1#404#[	8¡§
	89-[',.$&>!Rﬃ,-,>	"]Fﬁ&'ﬃ$<	8#1&''ﬃ2E9-nLZ$/no020n<&-d020^@3	9'#$/&'VR	8&-
$8!9''ﬃ7	8$+O$10qð_:f40,-ﬃP',dmD-00Zﬃ$#[Vª4ªB¢eñzï&'VnLrR4#[^ﬃ2	/ﬃ$M°	iﬃ2'#¸1r	8ﬃ2R!@
1
5
ﬃ-ﬃ'G,'ﬃ2$>8	ﬀ@3	9'#$]
)/07	8
>	ﬃ2R4X,'rA>'ﬃ7	8ﬃ>$
ﬃﬃ0ﬃ7	(+ﬃ2$
5
$,4
5
49'','ﬃ2'G+
1r	'G0$#ï	noﬀ$#ﬃ#$

+$ﬃ2ﬃ20?Xﬃ7^	8&'#ﬃ
5
49-','ﬃ-G`#1#	'G40#$F
ﬀ$ﬃ2ﬃ20?#]ﬁ&'ﬃ$F3$9'
f002Vn<$Yz$	F'
9''ﬃ2'G
ﬂ1023
02(a,-ﬃ$$
ﬃﬃ0o$

ﬃ$Ið aìréô?5@[\hk4k4k-ï>WC
'GçìréLô?5@[\hkk4kñ[
5
9-	Mﬃ2	<ﬃ2$0#$$<#¸1r	8ﬃ2R
@4$
0#1#	ﬃ'G	8&-!4$	<$ﬃﬃ0Y$
ﬃ#$+4'G1#04$
D13',-ﬃ,>	$#]
ﬁ&-fBR4#04r§ 149'B	<	8#1&''ﬃ2E9-!ﬃ2$
5
$
,*4=,'ﬃ7Rﬃ,'ﬃ2'G`$#ﬃ2$ﬃB	`$&'
	<$#G4B	8$#[
1300#,dBR4#04$#[C',ç,'#A''ﬃ'GPa(4#$S-.$
ﬃﬃ0?ﬃ2	(q@4ﬀ31&¾#R024]ﬁFnL*$
ﬃ2$!

$ﬃ2ﬃ20?n<ﬃ2	&'ﬃÄ#R024çﬃ7!	&'ﬃ2=ﬃB	
§
5
(B§ 4ﬃ2B	=,'ﬃ2¸
'1#$.in<ﬃ7	8&'ﬃ2Å1	ﬃ2
	8&-$
&'402,^]+ﬁ&'}R00C$ﬃ2ﬃ20?
ﬃ2	(ﬃ$+3$9'
,
5
(P	8&'`9'
5
#+X#R024#$+n<&'#`	8&-
$#ﬃ2$MD$
ﬃﬃ0?ﬀð )+G43nF0LìréLô?5@[Vª4ª¥ñz]
l
ﬁ&'ﬃ2$ﬀ$9-020Vn<$/z$
	f1#4-9-		ﬃ4.Y$ﬃ2ﬃ20?
ﬃ2	(4[\',dﬃ2	+13 5 ,>-	8#,ç@+'4ﬃ2$
(
',Pﬃ$$
ﬃ'G,'	Pð £L4002 5 $!ìréFô?5@[^3ª4ªB¯"ï>Nf$ìréFô?5@[^3ª4ªB¯eñz]
Sﬂﬃ>0202([LnLd1 3$
9'çÃ4ﬃB	§ 5 (B§4ﬃB	$ﬃﬃ0ﬃ7	(Åf	no¿$
ﬃ#$*',G4Gr§
GB	d	8&'#$3$9'
$[ﬀn<&-ﬃ1&µ°	8Ä#E9-ﬃ#$.ﬃ2B	8
0?	ﬃ4´	¹ 5 	ﬃ2­ﬃ$
$ﬃ2'G¿4ﬃ2B	8$]
mf4G&Ã',WT#3-ﬃ
ð
Vª4ª4©
ñ
9-$,0ﬃ-3DﬃB	40	8ﬃ24in<ﬃ2	&¾	8&-ﬃ$D	81&-'ﬃE9'[O',Wﬂ
'G
ìré/ô?5@
ð
hkk4k
ñ
''0ﬃ2,d1#9 5 ﬃ1`''
V"ﬃ2q	ﬃ4]Imf#4G4& ', WT3'ﬃ
ð
hk4k4k
ñ
0$
=,'$
1
ﬃ 5 ,
ﬃB	
§ 5 (B§ 4ﬃ2B	F$ﬃ2ﬃ20?
ﬃ2	(`n<ﬃ7	8&*",'ﬃ7A>,aX9-10ﬃ2,'3P,-ﬃ$
	8'1#[-n<&'ﬃ21&.,-"#$'	<#E9'ﬃ

ﬃB	40	8ﬃ24^]
7>=PT Þ#ﬂwvBáxÃ{>Cw´Â}vB|VÂexzvﬀ:'{'
t<$1&-$&>3R=$
	89-,'ﬃ#,¹PRﬃr	(	81&-'ﬃE9'#$@ﬃ-,'r"ﬃ-Gd	8ﬃ2$#ﬃ#$] ﬁ&'#(
&>3R49-	8ﬃ20ﬃ2,ç$
#R4#80L,-R'1#,Ã$	8
9'1#	9'#$[$
9'1&¿$U*V§ 	8
#$[tF§ 	#$[T',¾G4ﬃ2,'$]=S>4
r-'02[Nﬀ'G
ð
3ª4ª4©
ñ
-'0ﬃ2,WU*V§ 	8
#$/	8
8'GI$
ﬃ2$
5
(*	&'ﬃ2/$
ﬃG4'ﬃ7A>13	<@	89'
$#[
JL&>', S>9
ð
Vª4ª4ª
ñ
1#4
5
ﬃ2',¹nF3R4#0r	a	8'$
@$n<ﬃ2	&´tF§ 	#$[M',´£L4Ze3(BÅ',
&'#`14020G49'#$
ð
Vª4ª4ª-ï<VªªB¯
ñ
9'$#,¿RB	8G4r§ ﬃB	I	#$`@4Iﬃ','¡"ﬃ'Gi$

ﬃ$
5
(¾9'#ﬃ21
@3e	89'
$]
WﬂZPìréô?5@
ð
hk4k-
5
ñ
ﬃ',-r",$#ﬃ#$
5
(	8&'#ﬃO0130-r	D',
5
('#
	8ﬃ2$O	8&-
$#G4B	8$
5
#	no14-$1#9-	8ﬃ7R4<r	-]OﬃﬂìréTô?5@
ð
3ª4ª4©
ñ
'44$
,ﬀ#	ﬃ2#R0-	1&''ﬃ2E9'
5
$
,4!`9-02	8ﬃ §02#R4#0'
5
$
	81#	ﬃ4&'ﬃ21&B(@3	9'#$]O)/G4GBnF0'',<AY9
ð
hk4k4k
ñ
14§
$ﬃ2,'
,*G4
ﬃ,'$#[
5
9-	@9'',a	8&'	F	8&-ﬃL#
@4
q-1ﬀﬃ2=``9'07	8ﬃ7§ ,'ﬃ-$ﬃ>0>$'1fﬃ2$F°	8#
'
5
#	
	8#!	&>Ã¡-&'9'$
	ﬃ2Ra$1&^].ﬁ&'#(02$K
#RﬃrnL#,Ã	8&'9'$q1'
$
$ﬃ¾n<ﬃ2	&
r"&>9'$
	ﬃ2R4¡§$
3
1&.
#	8
ﬃrR0g["',a1#4'1029','#,*	&>	Lr"&>9'$	8ﬃ7R4f$1&P4'G14'#$$
,
$#ﬃ2$ﬀﬃ2$/°	Kz$
	8#+	8&'i$'&'ﬃ$	8ﬃ213	,iﬃ2','r"ﬃ2'G']/WX		ﬀ',çSTﬃ2'Z*02$q¡"#ﬃB	,
n<ﬃ2	&*r"&>9'$	8ﬃ7R4!$31&i4-G1#4'#$$#,.$

ﬃ$#[',*$&'Vno,K	&>	<ﬃ7	M002}no,=z$	<¡§
	8
ﬃrR0g[02	&'49'G4&Iﬃ2	$ﬂ	8&-4
#	8ﬃ2130	8ﬃ2Y1'02r"ﬃ2	(fnL$O02ﬃ'ﬃ	&'F,>	8
5
$
L$
ﬃfðpWO8e		3[
hk4k"4ï>STﬃ2'Za-,.WO		[hk4k4jñz]
¾ç,'$
1
ﬃ
5
Å'rnÜ	8#1&''ﬃE9' @4=&'ﬃ281&'ﬃ2130ﬀﬃ2','¡-ﬃ2'G½',­r	8ﬃ2#R0f!	8ﬃ2
$#ﬃ2$[
5
(P$$
ﬃG4-ﬃ'Gﬃ
	'1f02#R4#0$<	8ﬃ2	$M¡	8#q"[\n<&-ﬃ1&i,'$M'	Mﬃ2R402RI¡"'0ﬃ21ﬃ2	
,'ﬃ2#'$ﬃ24ç,-9'1#	ﬃ4^])/02	8&-49'G4&d	8&-no4$	
§ 13$
1#4-0r"ﬃ7	(io	8&''
4$, r	8
ﬃ#R0
'
"1#,'9'
ﬀﬃ$o0ﬃ2'3Yﬃ	8&'+,>	
5
$+$ﬃ#[	8&'f3R8G4r§ 13$
+	8ﬃ2Mﬃ$o10$+	`04G4ﬃ7	8&'ﬃ1]
¢
 å {'ß|VvÂ8T
X`{>3xzyiI~Cy4vß|}
¾M
#Rﬃrn 5 $ﬃ1<0G44
ﬃ2	&'$T',,>	8f$
	8
9'1#	9'#$o9-$,ﬃ`	&'<,'$
1ﬃ 5 #,no4
Z[ﬃ-109-,'ﬃ'G
$
	8',>,Å$
	9'1r	89'
$ZYg 1#	ﬃ4Ãj-]2[',Å
'
$#B		ﬃ4ÅMK	ﬃ$

ﬃ$Y "1r	8ﬃ24Åj-]_h[r]
¾*	&'½,'rA>'.ç,-ﬃ$
	8'1# 5 #	no#¹	no¾#E9>07§ 0#'G	8&Å	ﬃa$#ﬃ#$',½G4ﬃ2R=ﬃ2	8$ 5 $ﬃ21
'
4#
	ﬃ$	Y "1r	8ﬃ24Kj"]_jﬀ[¡]
T>=zè \av@{-|Vvw´#|VÂeÁCy|}ÁÂev{>Cw´{>@~\Âex°|
å
Ł
¾FrR"ﬃ2#n½	8&'
5
$ﬃ21F,>	8+$
	9'1r	89'
$Y',0G44
ﬃ2	&'$9'$
,ﬃI	8&','#$1#ﬃ
5
,`no4
Z[4n<&-ﬃ1&
ﬃ-109-,'L$	1Z$[B02ﬃ'Z,`02ﬃ$	8$[#,"§
5
01ZD	8#$<ð £F3(4#[>Vª4¯4h"ï:D9-ﬃ
5
$T', ,'G4rn<ﬃ1Z\[\VªB¯©eñ[
8'G4d	8
$ð X,-0$
5
9-''#[Vª4©-#ñ[ﬀ',	8&'ç1'9"		ﬃ4 4,-*$
	8	8ﬃ2$
	8ﬃ21$ ð 6/B[
Vª4¥"4ï£L09- ìréfô?5@[YVªB¯j
ñ
]=)¶,'#	8ﬃ02, ,'$
1ﬃ2-	8ﬃ24 8'G4	8#$Iﬃ$!3Rﬃ0?
5
0ﬃ2
 -#	^]c$
ð
Vªª4k4-[CVª4ª4k
5
ñ
5
4Z$[^',çq,'#$1
ﬃ-	ﬃ4KX	8&-ﬀ$	89-1#	89-$fﬃ2K	8&-	8¡"	
5
4Z
5
(PJL4
#¿ìréLô?5@
ð
hk4k"
ñ
]
T>=zè_=zè ã|V{'ye{>CwxzC\vwºzxz#|}
) íré ôH`a½ﬃ2$qbC
0?$	
§ ﬃÅA>$	
§ 49-	cE¾$
	9'1r	89'
[n<&'ﬃ1&´002}n<$,-,'ﬃ'G¾¾-#nÌ02B	a',
#VRﬃ-G	&'D0?$	M,','#,.#0##	<ﬃ2*14'$	B	M	8ﬃ2])edógf h^?ij?ßê°õ*aBìFdN?ßêíréFﬃ2$<$
E9'#'1
<#0B	$8YSTﬃ2G49'
aj-]7Vﬀ[¡[Tn<&'ﬃ1&½020Vn<$I	83R4#$
ﬃ'Gi	&'a02B	8$ﬃÃ#ﬃ2	8&-`,'ﬃ2#1#	8ﬃ24^[
',K,','ﬃ2'G',K
VR"ﬃ2'G02B	8$/4.#ﬃ2	&'M',]R4(K#0##	/ﬃ*	8&-I02ﬃ$
	<ﬃ2'1029','#$
4ﬃB	8#$X	8!	8&'M'rRﬃ49'$o',q'r	o0##B	8$[",'-	8#,òî8ìlk
ð
ìl?ìrëqìrõ>é
ñ
',.õì
ö4é
ð
ìl?ìrëqìrõ>é
ñ
]
 qﬁﬂ
5
02+j"]24[Bno+$
9'
ﬃF	&'Mqﬃ2#8	ﬃ4'$X$
9''4
	,
5
($
	81Z$F-,q0ﬃ2'Z#,q02ﬃ$
	$]
T>=zè_=P7 \avwnmT@{>y}½|3Âevv
) î8ìFdoh^?7ôH`aPézî8ììaﬃ2$P,>	.$
	8
9'1#	9'@4Iﬃ2	8ﬃ-ﬃ'G*P$4	8,0ﬃ$	3[n<&'ﬃ1&Ã002}n<$Dz$	
r	8
ﬃ#R0[ﬃ2'$#
	8ﬃ24^[',ç,'02#	ﬃ4io#0##	$]Iﬁ&'ﬃ$+	#ﬃ$fqR
ﬃ#	(.
5
ﬃ2>
(B§ $31&
¥
3 3 4 5 61
head tail
3
3
4
1
6
5
tail
head
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index 5
value 5
type max
imp  4
side right
index 2
value 3
type non-ext
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type end
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index 1
value 1
index 3
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type non-ext
index 4
value 5
4
side left
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imp  4
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type end
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index 1
value 1
type end
1
index 20
value 5
type end
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index 4
value 5
4
side left
type max
imp 4
index 5
value 5
5
type max
imp 4
side right
index 9
value 3
side right
type min
index 13
value 5
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side strict
type max
imp 4
index 15
value 1
side strict
type min
imp 3
index 7
value 2
side left
type min
imp 3
7
imp 3
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b) Second derivative extrema.a) First derivative extrema.
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a) First derivative importances.
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